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ABSTRACT

We considerthe problem of imageinterpolationfrom an
adaptve optimal recovery point of view. Many different
standardinterpolationapproachesnay be viewed through
theprismof optimalrecovery. In this papemwe review some
standardmageinterpolationrmethodsandhow they relateto
optimalrecovery aswell asintroducea broader moregen-
eral and systematicapproachto imageinterpolationusing
adaptve optimalrecovery.

1. INTRODUCTION

Any successfuimageinterpolationmethodrequiresa good
imagemodel. The standardi-cubicinterpolationassumes
thattheimageis locally cubic,in [3] the assumptions that
locally eachpixel canbe representeds a linear combina-
tion of theknown neighboringpixelsandin [2] we assumed
thatthe imagehadbeenpassedhrougha known low-pass
filter, beforedecimation.Onenew cateyory of interpolation
algorithmsis basedon learning.In particular theideais to
usethe coarsescaleimage,or a collectionof othersimilar
imagesto learnsomethingaboutthe givenimageandthen
usethatknowledgeto interpolate.

In this paperwe give a brief review of thetheoryof op-
timal recovery [5, 7, 8]. We shaw how knowledgeof the
guadraticclasscan be usedin deriving somecommonin-
terpolationalgorithms. Finally, we presenta new andsys-
tematicmethodfor learningthe local quadraticsignalclass
and shov how to usethis for imageinterpolation. This
methodis differentandmoresystematicallymotivatedthan
themethodwe presentedn [1].

2. OPTIMAL RECOVERY

In this sectionwe briefly review the theory of optimal re-
covery asappliedto theinterpolationproblem[8]. We then
applythistheoryto developanew adaptive approacto im-
ageinterpolation.Theinterpolationproblemmaybeviewed
asa problemof estimatingmissingsamplesof animage.
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This latterproblemcanbe examinedusingthetheoryof op-
timal recovery. The theoryof optimal recovery providesa
broadersetting,which illuminatesthe procesof interpola-
tion, by providing errorboundsandallowing calculationof
worst-casémageswhich achieve thesebounds.

Locally, atlocationy, we modeltheimageasbelonging
to a certainellipsoidalsignalclassiK
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whereQ is derived from the local imagepixels or may be
assumedknown. Vectorz is ary subsetof theimagecon-
tainingthemissingpixely. Vectorz is chosersuchthatany
L linear functionals(F;,i = 1,...,L) of z areassumed
known. If we notethe actualvaluesof the functionalsby
fi we have F;(xz) = f;. In this paperwe assumehatthe
functionalsarebasedon derivativesand/oractualpixel val-
uesof the decimatedmage. The known functionalsF;, in
thelocalimage,determinea hyperplaneX’.

The intersectionof the hyperplaneand ellipsoid is a
hypercirclein X. Theintersectiordependsipontheknown
functionalsof thelocalimageandwe call it C,,. Formally,
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For a linear mappingU, the imageof C,, underU is the
rangeof valuesthat Uf cantake. The optimal recovery
problemis to selectthevaluein X whichis a bestapproxi-
mationoverall U f in UC,. We wantto minimize
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TheChebyshe centerachievesthis minimization. TheCheby-
shes centerhasbeenshowvn to betheminimum@-normsig-
nal on the hyperplanedeterminedby the known samples.
Thessolutionto this problemis well-known: se€[8, 7].

If the collectionof known functionalsis f;, the mini-
mum norm signalis @. Signala is the uniquesignalin X
with the property
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Our estimatesignalu mustsatisfy F; (@) = f; andwe are
estimatingF'(a) = f. As shown in [8] thereexist vectors
&, ¢1,...,¢r suchthat F(4) = (¢,a)q and

Fi(a) = (¢i,1)q (4)

wherethe parenthesedenotea Q dot product. Vectorsg;
areknown astherepresenterdg=rom[8] thesolutionis given

by 3
u= Z o ; (5)
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wherethe constantsy; aredeterminedrom the constraint
of equation(4).

An advantageof this approachs not only thatwe can
minimize the distanced = max,r¢, [§ — y/|, but we also
obtainboundson the maximumerroré andwe canfind the
imagewhich achievesthis maximumerror.

3. CONSTANT Q

As we mentionedin sectiontwo, the choiceof Q is criti-
cal. If we assumehat our quadraticclassis constantover
the entireimage,we canderive cubicinterpolation.We as-
sumethat our signalsare obsened at the output of a fil-
ter whoseimpulseresponsejn Matlab notation,is h =
[.4830, .8365, .2241, —.1294]. Thefilter class
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correspondgo the assumptiorthat all of our signalsare
modeledas the result of a boundedenegy input applied
to the filter with unit pulseresponseh. This low-passh
may befamiliar; it is the setof scalingequationcoeficients
correspondingo the length-4 Daubechiesvavelet. Sup-
posewe wantto increaséhe samplingrateby afactorof 2.
Specifically assumehat we are giventhe 4 signalvalues,
z(—3),z(—1),z(1), z(3) andwewouldlik e to estimatehe
centersamplex(0). Since,asshavnin [5] thebestestimate
for signalsin K is alinear combinationof the representers
of the samplesandthe representerfor thefilter classare
simply the autocorrelatiorof the impulseresponseof the
filter, we have representerg which aretranslateshy 2 of
theautocorrelation

r = [—0.0625 0.0000 0.5625 1.0000 0.5625 0.0000 —0.0625)

Interpolationwith theseweightsis exactly the sameasfit-
ting a cubicpolynomial,p(z) to thethe 4 known pointsand
usingp(0) asthe estimatefor the sampleatindex 0. To es-
timateary evenindex samplegiventheoddindex samples,
we simply fit a cubic polynomialto the four pointsnearest
to the samplewe wantto estimateandthenusethe valueof
that polynomialin the centerasour estimate.We call this
piecavise-cubicinterpolation.lt is the optimal estimatefor

Fig. 1. Training set S and contours correspondingto
2TQyz = candz”Qqx = c. ThetrainingsetS is better
representedby the contourcorrespondingo 7 Q2 = ¢
thanthe onecorrespondindgo 27 Q22 = c.

thisfilter classin the sensahatthe maximumerror magni-
tude
max |(0) - #(0)|

is minimized.

4. LEARNING Q

In the previous sectionwe discussedan imageinterpola-
tion examplewhereQ had beenfixed. Betterresultscan
beobtainedf Q is learnedadaptvely andlocally, from the
image.

AssumethatagiventrainingsetS is to beusedfor learn-
ing our matrix Q. For corveniencewe furtherassumehat
S is a matrix with the training vectorsas columns. These
trainingsignalslie in a particularregion of the spacewhich
we assumedo be representatie of the signalwe aretrying
to interpolate.Ouraimis to find a Q suchthattheellipsoid

zTQx = constant

is representatie of the training setS asshowvn in Fig. 1.
What doesthis mean?We wanta Q for which the contour
of 27 Qzx = ¢ modelsthe locusof thetraining setS. Intu-
itively, the contourz” Qz = c¢ is an ellipsoid stretchedn
thedirectionof theeigervectorsof Q. Thestretchis largest
in the directionwhereQ hasthe smallesteigervaluesand
smallestin the directionwhereQ hasthe largesteigerval-
ues.

The theory of principal componentrovides us with
vectors{vy, . .., v, } whichminimizethesumof theerrors:
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wherePy (x;) is theprojectionof z; onthe spanof
{v1,-..,vn}. In otherwords,the principalcomponenvec-
tors are the directionsin which the contourz”Qx = ¢
needsto be stretched. That meansthat we want themto
alsobetheeigervectorsof matrix Q.

Next, what are the eigervaluesof Q? The principal
componentvectorsare the eigervectorscorrespondingo
the largesteigervaluesof SS”. Thedirectionof the setS
is thatof theeigervectorcorrespondingdo thelargesteigen-
valueof SST. We wanttheellipsoidz” Qz = c to havethe
most stretchin that samedirection. As mentionedabove,
thesmallesteigervaluesof Q determinehe moststretchin
zTQxz = c. Therefore,we want Q to have small eigen-
valuescorrespondingo the eigervectorswhich had large
eigervaluesin SST and Q to have large eigervaluescor-
respondingto the eigervectorswhich had small eigerval-
uesin SST. Onedirectway is to let the eigervaluesof Q
be the reciprocalof the eigervaluesof SST andthe eigen-
vectorsof Q be the eigervectorsof SS7. In otherwords,
Q = (SST)~L. If, in constructingQ, we wereto consider
only thelargestprincipalcomponentndthe corresponding
eigervalue,ourinterpolationresultwould pretty muchsim-
plify to theresultsof [6].

A alternatve motivationfor this Q is thefollowing. As-
sumethat the image pixels of interest,representeds the
vectory, areaweightedcombinatiorof thesetypical, nearby
configurations:

y = Sw

wherew is theweightvectorneededo estimatey. We fur-

ther assumethat the simplestexplanationof y is the best
(Occams Razor)by assuminghatwe usetheweightvector
with minimumsumsquared/alue,i.e. with theminimumof

w'w. Thisassumptiorleadsusto therequiremenbny that
y' ST Sy is minimum, wherethe matrix S is the pseuddn-

verseof S. This givesustheadaptve quadraticsignalclass
for the pixelsonthefine scale:

K:{xER”:xTQwSe} (8)

wherethe matrix Q = S$t$. This givesthe sameQ asthe
onementionedoreviously.

Finally, what'sleft to dois to chooseatrainingsetsS. It
would be niceif thetraining setcould be chosenfrom the
high resolutionversionof theimage,but we cant measure
that. Instead,we simply assumehata similar S basedon
the availablecoarsescalepixelsis a goodapproximatiorto
our desiredS. This assumptions similar to thatusedby Li
[3] in estimatingcovariancematrices.

5. RESULTS

We comparedhelocally adaptve Q approachwith bicubic
(i.e. fixed Q approachjiandfractal-basednterpolation[9].

Resultscanbe seenin Fig. 2 andFig. 3. In bothcasesthe
locally adaptve Q outperformsthe bi-cubic interpolation.
We alsoobtainedslightly betterresultswvhencomparedvith
the methodsof [3] and[9]. More resultscanbe found at
http://ww.ee.cornell.eddkplab

6. CONCLUSION

In this paperwe presentedh new methodfor imageinter-
polation. The methodis basedon adaptvely determining
the quadraticsignalclassfrom a setof training vectorsand
thenusingoptimal recovery to estimatethe missingpixels.
The methodoutperformsstandardnterpolationtechniques,
suchascubicandlinearinterpolation. It alsoseemgo fair
well againsiotherrecentlypublishednterpolationmethods
[3,9].

Thequadraticsignalclassis determinedrom asetS of
training vectors. More work needsto continueon how the
trainingsetsS is selectecadaptvely.
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Fig. 2. Interpolationby four. ConstantQ (bi-cubic) (top), Fig. 3. Interpolationby two. ConstantQ (bi-cubic) (top),
[9] (center)andlocally adaptve learnedQ (bottom). [9] (center)andlocally adaptive learnedQ (bottom).



