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ABSTRACT

We considerthe problemof image interpolationfrom an
adaptive optimal recovery point of view. Many different
standardinterpolationapproachesmay be viewed through
theprismof optimalrecovery. In thispaperwereview some
standardimageinterpolationmethodsandhow they relateto
optimal recovery aswell asintroducea broader, moregen-
eral andsystematicapproachto imageinterpolationusing
adaptiveoptimalrecovery.

1. INTRODUCTION

Any successfulimageinterpolationmethodrequiresagood
imagemodel. Thestandardbi-cubic interpolationassumes
thattheimageis locally cubic,in [3] theassumptionis that
locally eachpixel canbe representedasa linear combina-
tion of theknown neighboringpixelsandin [2] weassumed
that the imagehadbeenpassedthrougha known low-pass
filter, beforedecimation.Onenew categoryof interpolation
algorithmsis basedon learning.In particular, theideais to
usethe coarsescaleimage,or a collectionof othersimilar
images,to learnsomethingaboutthegivenimageandthen
usethatknowledgeto interpolate.

In this paperwe givea brief review of thetheoryof op-
timal recovery [5, 7, 8]. We show how knowledgeof the
quadraticclasscanbe usedin deriving somecommonin-
terpolationalgorithms.Finally, we presenta new andsys-
tematicmethodfor learningthelocal quadraticsignalclass
and show how to use this for image interpolation. This
methodis differentandmoresystematicallymotivatedthan
themethodwe presentedin [1].

2. OPTIMAL RECOVERY

In this sectionwe briefly review the theoryof optimal re-
coveryasappliedto theinterpolationproblem[8]. We then
applythis theoryto developanew adaptiveapproachto im-
ageinterpolation.Theinterpolationproblemmaybeviewed
as a problemof estimatingmissingsamplesof an image.
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This latterproblemcanbeexaminedusingthetheoryof op-
timal recovery. The theoryof optimal recovery providesa
broadersetting,which illuminatestheprocessof interpola-
tion, by providing errorboundsandallowing calculationof
worst-caseimageswhich achievethesebounds.

Locally, at location � , wemodeltheimageasbelonging
to acertainellipsoidalsignalclass�
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where � is derived from the local imagepixelsor maybe
assumedknown. Vector � is any subsetof the imagecon-
tainingthemissingpixel � . Vector� is chosensuchthatany�

linear functionals( �����! "�$#%�'&�&'&(� � ) of � are assumed
known. If we notethe actualvaluesof the functionalsby) � we have ���+*,��-�� ) � . In this paperwe assumethat the
functionalsarebasedon derivativesand/oractualpixel val-
uesof thedecimatedimage. Theknown functionals��� , in
thelocal image,determinea hyper-plane. .

The intersectionof the hyper-planeand ellipsoid is a
hyper-circlein . . Theintersectiondependsupontheknown
functionalsof thelocal imageandwecall it /10 . Formally,

/102�3�4�	��.5�%� � *,��-6� ) � �47(��7(8��9#��:� (2)

For a linear mapping ; , the imageof / 0 under ; is the
rangeof valuesthat ; ) can take. The optimal recovery
problemis to selectthevaluein . which is a bestapproxi-
mationoverall ; ) in ;�/10 . We wantto minimize
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TheChebyshev centerachievesthisminimization.TheCheby-
shev centerhasbeenshown to betheminimum L -normsig-
nal on the hyper-planedeterminedby the known samples.
Thesolutionto this problemis well-known: see[8, 7].

If the collection of known functionalsis
) � , the mini-

mum norm signal is MN . Signal MN is the uniquesignalin .
with theproperty,
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Our estimatessignal MN mustsatisfy � � *(MN -]� ) � andwe are
estimating��*(MN -^� )

. As shown in [8] thereexist vectors_ � _a` ��&'&�&'� _�b suchthat ��* GN -c��* _ �%MN - 8 and

� � * GN -d�e* _ � ��MN -f8 (4)

wherethe parenthesesdenotea � dot product. Vectors
_ �

areknownastherepresenters.From[8] thesolutionis given
by

MN �
bg
� Z `ih �
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wherethe constantsh � aredeterminedfrom the constraint
of equation(4).

An advantageof this approachis not only that we can
minimize the distance

< �j=�?�@ 0 B 8E0 FHG�kIl� F , but we also
obtainboundson themaximumerror

<
andwe canfind the

imagewhichachievesthismaximumerror.

3. CONSTANT Q

As we mentionedin sectiontwo, the choiceof � is criti-
cal. If we assumethatour quadraticclassis constantover
theentireimage,we canderive cubicinterpolation.We as-
sumethat our signalsare observed at the output of a fil-
ter whoseimpulse response,in Matlab notation, is m5�n & o:p:q%rs�d& p:q%tvuT�d&xw%w�os#%� I &R#4w%y�o%z . Thefilter class
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correspondsto the assumptionthat all of our signalsare
modeledas the result of a boundedenergy input applied
to the filter with unit pulseresponsem . This low-pass m
maybefamiliar; it is thesetof scalingequationcoefficients
correspondingto the length-4Daubechieswavelet. Sup-
posewe wantto increasethesamplingrateby a factorof 2.
Specifically, assumethat we aregiven the 4 signalvalues,��* I q:-\����* I #4-\����*!#4-\����*�q:- andwewould liketo estimatethe
centersample,��*�rv- . Since,asshown in [5] thebestestimate
for signalsin � is a linearcombinationof therepresenters
of the samples,andthe representersfor the filter classare
simply the autocorrelationof the impulseresponseof the
filter, we have representers

_
which are translatesby 2 of

theautocorrelation

� � n I rs& r:t:w:u�r�& r%r%r:rdr�&xu�tvw%u1#:& r:r%r%rcr�&xu�t:w:u�r�& r%r:r%r I r�& r%tvw%uAz
Interpolationwith theseweightsis exactly the sameasfit-
ting acubicpolynomial,��*,��- to thethe4 known pointsand
using ��*�r:- astheestimatefor thesampleat index r . To es-
timateany evenindex sample,giventheoddindex samples,
we simply fit a cubicpolynomialto thefour pointsnearest
to thesamplewe wantto estimateandthenusethevalueof
thatpolynomial in the centerasour estimate.We call this
piecewise-cubicinterpolation.It is theoptimalestimatefor
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Fig. 1. Training set � and contours correspondingto� � ���A����� and � � ���C����� . The trainingset � is better
representedby the contourcorrespondingto � � ���C�{���
thantheonecorrespondingto � � ���C�"��� .

this filter classin thesensethat themaximumerrormagni-
tude
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is minimized.

4. LEARNING Q

In the previous sectionwe discussedan image interpola-
tion examplewhere � hadbeenfixed. Better resultscan
beobtainedif � is learned,adaptively andlocally, from the
image.

Assumethatagiventrainingset � is tobeusedfor learn-
ing our matrix � . For convenience,we furtherassumethat� is a matrix with the training vectorsascolumns. These
trainingsignalslie in a particularregionof thespacewhich
we assumeto be representative of the signalwe aretrying
to interpolate.Our aim is to find a � suchthattheellipsoid

�������"�~�'�C�E�'�f�v�a�
is representative of the training set � asshown in Fig. 1.
Whatdoesthis mean?We wanta � for which thecontour
of � � � �¡��� modelsthe locusof thetrainingset � . Intu-
itively, the contour � � � �¢�5� is an ellipsoid stretchedin
thedirectionof theeigenvectorsof � . Thestretchis largest
in the directionwhere � hasthe smallesteigenvaluesand
smallestin the directionwhere � hasthe largesteigenval-
ues.

The theory of principal componentsprovides us with
vectors��£ ` �'&'&�&'��£ � � whichminimizethesumof theerrors:
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where ¦�§ *,� � - is theprojectionof � � on thespanof��£ ` �'&'&�&'��£ � � . In otherwords,theprincipalcomponentvec-
tors are the directionsin which the contour � � � �5�¨�
needsto be stretched. That meansthat we want them to
alsobetheeigenvectorsof matrix � .

Next, what are the eigenvaluesof � ? The principal
componentvectorsare the eigenvectorscorrespondingto
the largesteigenvaluesof �d� � . Thedirectionof the set �
is thatof theeigenvectorcorrespondingto thelargesteigen-
valueof �d� � . Wewanttheellipsoid � � � �k��� to havethe
moststretchin that samedirection. As mentionedabove,
thesmallesteigenvaluesof � determinethemoststretchin� � � �e�©� . Therefore,we want � to have small eigen-
valuescorrespondingto the eigenvectorswhich had large
eigenvaluesin �d� � and � to have large eigenvaluescor-
respondingto the eigenvectorswhich had small eigenval-
uesin �d� � . Onedirectway is to let the eigenvaluesof �
be thereciprocalof theeigenvaluesof �d� � andtheeigen-
vectorsof � be the eigenvectorsof �d� � . In otherwords,�ª�«*��c� � -\¬

`
. If, in constructing� , we wereto consider

only thelargestprincipalcomponentandthecorresponding
eigenvalue,our interpolationresultwouldprettymuchsim-
plify to theresultsof [6].

A alternativemotivationfor this � is thefollowing. As-
sumethat the imagepixels of interest,representedas the
vector� , areaweightedcombinationof thesetypical,nearby
configurations: � �9��­
where ­ is theweightvectorneededto estimate� . We fur-
ther assumethat the simplestexplanationof � is the best
(Occam’sRazor)by assumingthatweusetheweightvector
with minimumsumsquaredvalue,i.e. with theminimumof­¯®R­ . This assumptionleadsusto therequirementon � that� ®�°� � °� � is minimum,wherethematrix °� is thepseudoin-
verseof � . Thisgivesustheadaptivequadraticsignalclass
for thepixelson thefinescale:

���e±:�	�	
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wherethe matrix ��� °��´ °� . This givesthe same� asthe
onementionedpreviously.

Finally, what’s left to do is to choosea trainingset � . It
would be nice if the training setcould be chosenfrom the
high resolutionversionof the image,but we can’t measure
that. Instead,we simply assumethata similar � basedon
theavailablecoarsescalepixelsis a goodapproximationto
our desired� . This assumptionis similar to thatusedby Li
[3] in estimatingcovariancematrices.

5. RESULTS

We comparedthelocally adaptive � approachwith bicubic
(i.e. fixed � approach)andfractal-basedinterpolation[9].

Resultscanbeseenin Fig. 2 andFig. 3. In bothcases,the
locally adaptive � outperformsthe bi-cubic interpolation.
Wealsoobtainedslightly betterresultswhencomparedwith
the methodsof [3] and [9]. More resultscanbe found at
http://ww.ee.cornell.edu/° splab.

6. CONCLUSION

In this paperwe presenteda new methodfor imageinter-
polation. The methodis basedon adaptively determining
thequadraticsignalclassfrom a setof trainingvectorsand
thenusingoptimal recovery to estimatethemissingpixels.
Themethodoutperformsstandardinterpolationtechniques,
suchascubicandlinear interpolation.It alsoseemsto fair
well againstotherrecentlypublishedinterpolationmethods
[3, 9].

Thequadraticsignalclassis determinedfrom a set � of
training vectors.More work needsto continueon how the
trainingset � is selectedadaptively.
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Fig. 2. Interpolationby four. Constant� (bi-cubic) (top),
[9] (center)andlocally adaptive learned� (bottom).

Fig. 3. Interpolationby two. Constant� (bi-cubic) (top),
[9] (center)andlocally adaptive learned� (bottom).


