ADAPTIVE, OPTIMAL-RECOVERY IMAGE INTERPOLATION

D. Darian Muresan and Thomas W. Parks

Schoolof ElectricalandComputerEngineering
CornellUniversity
darian,parks@ee.cornell.edu

ABSTRACT

We considerthe problemof imageinterpolationusing
adaptve optimalrecovery. We adaptvely estimatethelocal
guadraticsignalclassof ourimagepixels. We thenuseop-
timal recovery to estimatethe missinglocal samplesdased
onthis quadraticsignalclass.This approachendspresere
edgesjnterpolatingalongedgesandnot acrosghem.

1. INTRODUCTION

Imageinterpolationis becomingan increasinglyimportant
topic in digital image processingespeciallyas consumer
digital photographyis becomingever more popular From
enlaging consumeimagesto creatinglarge artistic prints,
interpolationis at the heartof it all. 1t hasbeenknown for
sometimethatclassicalnterpolationtechniquesuchaslin-
earandbi-cubicinterpolationarenotgoodperformerssince
thesemethodsendto blur andsmoothedges.

Wavelets have beensuccessfullyusedin interpolation
[1, 4, 6]. Thesemethodsassumédheimagehasbeenpassed
througha low passfilter beforedecimationandthentry to
estimateéhemissingdetails,or waveletcoeficientsfrom the
low resolutionscalingcoeficients. Onedrawbackto these
approachess that they assumethe knowledgeof the low
pasdfilter.

Directional interpolationalgorithmstry to first detect
edgesandtheninterpolatealongedgesavoiding interpola-
tion acrossedgeq5]. In this class therearealgorithmsthat
do not requirethe explicit detectionof edges. Rather the
edgeinformationis built into the algorithmitself. For ex-
ample,[3] usesdirectionalderivativesto generataveights
usedin estimatingthe missingpixelsfrom the neighboring
pixels. In [2], the local covariancematrix is usedfor esti-
matingthemissingpixels. Thisinterpolationtendsto adjust
to anarbitrarily orientededge.

In this paperwe presenta new directionalinterpolation
techniquebasedn optimalrecovery. Theresultsof ourin-
terpolationapproachcan be thoughtof asan extensionto
[2]. In regionsof high frequeny our approachprovides
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Fig. 1. GeometricDiagramof Ellipsoid Class

slightly betterresultsthan[2] andin somecasesoutper
forms[9].

2. OPTIMAL-RECOVERY

In this sectionwe briefly review the theory of optimal re-
covery asappliedto the interpolationproblem[8]. We then
applythistheoryto developa new adaptve approacho im-
ageinterpolation.Theinterpolationproblemmaybeviewed
asa problemof estimatingmissingsamplesof animage.
This latterproblemcanbe examinedusingthetheoryof op-
timal recovery. The theoryof optimal recovery providesa
broadersetting,which illuminatesthe procesof interpola-
tion, by providing errorboundsandallowing calculationof
worst-casémageswhich achieve thesebounds.

Locally, at locationy (Fig. 2), we modeltheimageas
belongingto a certainellipsoidalsignalclassK

K={zcR":2"Qu < ¢} 1)

whereQ is derivedfrom thelocal imagepixelsasshavn in
section3. Vectorz is ary subsebf theimagecontainingthe
missingpixel y. Vectorz is chosensuchthatany L linear
functionals(F;,i = 1,..., L) of z areassumedknown. If
we notethe actualvaluesof the functionalsby f; we have
F;(z) = f;. In this paperwe assumehat the functionals
are basedon derivatives and/or actual pixel valuesof the
decimatedmage. The known functionalsF;, in the local
image,determinea hyperplaneX’ (Fig. 1).

The intersectionof the hyperplaneand ellipsoid is a
hypercirclein X. Theintersectiordependsipontheknown



functionalsof thelocalimageandwe call it C,,. Formally,
Co ={z € X: Fi(z) = fi,|lzllq < 1}, )

For a linear mappingU, the imageof C,, underU is the
rangeof valuesthat U f cantake. The optimal recorery
problemis to selectthevaluein X whichis a bestapproxi-
mationoverall U f in UC,,. We wantto minimize

0= max|j—y|

TheChebyshe centerachievesthis minimization. TheCheby-

shes centethasbeenshowvn to betheminimum@-normsig-
nal on the hyperplanedeterminedby the known samples.
Thesolutionto this problemis well-known: se€[8, 7].

If the collection of known functionalsis f;, the mini-
mum norm signalis u. Signalw is the uniquesignalin X
with the property

illg = inf ||z 3
ol =, int llslle ©
Our estimatesignala mustsatisfy F;(z) = f; andwe are
estimatingF'(z) = f. As shavn in [8] thereexist vectors
&, ¢1,...,¢L suchthat F(4) = (¢,a)g and

Fi(a) = (¢i,u)q (4)

wherethe parenthesedenotea Q dot product. Vectorsg;
areknown astherepresentord=rom[8] thesolutionis given

by B
= Z a;p; )
i=1

wherethe constantsy; aredeterminedrom the constraint
of equation(4).

An advantageof this approachs not only thatwe can
minimize the distanced = max,r¢, [§ — y|, but we also
obtainboundson the maximumerroré andwe canfind the
imagewhich achievesthis maximumerror.

We now dealwith the problemof determining() adap-
tively from the imagedata. To make this explanationas
simpleandasstraightforward aspossible we demonstrate
our methodwith a simpletoy example.

3. ADAPTIVE, OPTIMAL-RECOVERY
INTERPOLATION

Ouradaptvely determinedjuadraticsignalclass.or @, will
beameasuref how well thelocal datamatcheghealready
known functionalsF;. We wantto find an adaptve signal
classK of theform:

K={zeR":2"Qz <¢} (6)

To bestunderstandhis processJet’s look at Fig. (2). In
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Fig. 2. Interpolatepixel y. The only known pixelsarethe
graypixels.

this small example,the problemis that of estimatingpixel
y. Our first stepis to choosea signal z that containsthe
missingpixel y. For reasonghatwill beclearin amoment,
let

= [y1 y2 y3 a3 bs Y4 y Y6 do ¢1 Y7 Ys Yo"

Next, we assumehat thereexists weightwy, ..., w4 such
that locally, eachpixel can be estimatedby the weighted
sumof thefour closestdiagonalpixels. With

1é[|* = min |e]|?

our measuref how well thedatamatcheghenearbypoints
is

U1 ap az az Qa4
Y2 as by by a3
Ys by by b3 by wq

. as ar b o d ws

€=l ba| " |a by c2 do w3 ™
Ya ag a3z dy dy wy
Yy az by < do

or equivalently

é=x—-—Tw

Thenormsquaredf ¢ is givenby
ATa _ T Tg\ L aqT
eTe=x"[1-w(v70) " ¥7|x

Thus,
Q- [I — v (vTw) " nI;T] 8)

The problemof finding estimateg which minimizesd =
max,rq, |§—y|is equialenttofindingx whichminimizes
xT Qx giventheknown functionalsF;.

Assuming? is full rank,matrix Q hasfour zeroeigen-
valueswith therestof thembeingall one. Thenull spaceof
Q is spannedy the columnvectorsof ¥. At first glance,it



seemghatthe solutionto this problemmight be any vector
in the null spacesincethatwill give zeroerror. That how-
ever, is nottruesincethesolutionmustalsosatisfythegiven
functionals. Unlessthereare only four known functionals,
our solutionwill notbein thenull spaceof Q.

Known functionalscanbe pixel valuesof thedecimated
image,derivative assumptionsr ary otherlinearfunction-
als of the high resolutionimage. In our toy example,the
linearfunctionalsarethe givenpixelsas, by, ¢1,d2 andas-
sumptionsaboutthederivatives.In particular welook atthe
derivativesin thedirectionsd, — by andas — ¢;. We chose
the directionwith the smallestchangeandassumehatthe
derivativesof theunknown pixelsin thatdirectionareequal
with the derivativesof the known pixelsin the samedirec-
tion. For example,if b, — d» hasthesmallesdifferencethe
derivative basedunctionalswould be

y3—y=b2—b4andy7—y=d4—d2

Whenthe known functionalsare only the decimatedpixel
values, this methodsimplifiesto the methodpresentedn
[2].

Theformulationof ourproblemandtheadaptve Q ma-
trix is alsoquite usefulwhenwe assumehattheimagewent
throughalow pasdilter, beforedecimation.In thiscasepur
assumptioris thatthe pixel valuesof Fig. 2 aresamplesof
thefilteredimage. If we let H be afiltering matrix andwe
assumeahattheimagebeforefiltering is z

xr=Hz (9)

then Q of (8) becomed) = HTQH. Thenew Q will still
have four zero eigervalues,but the other eigervalueswill
nolongerbeone.

Theapproximatiorof thesignalclass,andthereforethe
interpolationresults canbefurtherimprovedby aniterative
processasfollows:

1. Interpolatethe missing pixels with the methodde-
scribedabove.

2. Using the interpolatedpixels, returnto equation(2)
andaddthe calculatedpixels at the higherresolution
asextrafunctionals.

We haven't proved corvergencehere,but from our experi-
mentalresults,repeatingthis processhreetimes seemso
beenough.

4. RESULTS

In obtainingour resultswe first startedwith a high resolu-
tion image.We thenfilteredthe higherresolutionimageby
alow passfilter (Daubechied), to simulatecamerdenses,
and decimatedby two. We thenreconstructedhe image
usingdifferentinterpolationapproaches.

For our resultssectionwe have comparedhe adaptve,
optimal recovery imageinterpolationalgorithmagainstthe
algorithm presentedn [2], againstbi-cubic interpolation
andagainsta commerciallyavailablealgorithm[9]. When
comparedagainst[2] the algorithm outperformedslightly,
especiallyaroundsharpand/orthin edgesThealgorithmal-
waysoutperformedi-cubicinterpolation.Whencompared
against[9] therewere placeswherethe adaptve, optimal-
recoveryinterpolationoutperformed9], buttherewerealso
placeswhereit underperformed.Somesampleimagesare
includedat the endof this sectionbut the readelis encour
agedto view TIF imagesat
ww.ee.cornell.edukplab

Finally, we would lik e to thankXin Li for providing us
with his interpolationalgorithm[2].
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